The Curtiss-Bird phase-space kinetic theory of polymers is used to derive an expression for the thermal conductivity of a dilute polymer solution, with the polymers represented as arbitrary bead-spring models. Then the general expression is specialized to Rouse bead-spring chains ͑with Hookean springs͒. The resulting expression contains several momentum-space averages as well as the configuration-space distribution function for the polymer chains. Use is made of the authors' previous work on the solution of the Fokker-Planck equation for arbitrary bead-spring models to evaluate the momentum-space averages. Then two special cases are considered: ͑a͒ the Hookean dumbbell model, in a fluid with velocity gradients, and ͑b͒ the Rouse chain model, with the fluid at rest. For the latter, the authors' previous study of the properties of tensor Hermite polynomials is helpful for solving the partial differential equation for the configurational distribution function for a polymer molecule in a fluid with a constant imposed temperature gradient. It is shown how the Gaussian distribution function is distorted in a nonisothermal system, but this distortion contributes only about 5% to the final value of the thermal conductivity. The results for the Rouse chain are compared with those previously obtained for several dumbbell models. © 1997 American Institute of Physics. ͓S0021-9606͑97͒50234-0͔
I. INTRODUCTION
Studies on the thermal conductivity of dilute polymer solutions began less than a decade ago. To date the mechanical models used in the kinetic theory have been very crude, namely ''elastic dumbbell'' models 1 -two ''beads'' connected by a ''spring.'' Three dumbbell models have been examined, corresponding to different choices for the potential energy of the spring: 
͑1.3͒
Here H is a spring constant, and Q is the interbead distance; Q 0 in the FENE ͑finitely extensible nonlinear elastic͒ model is the length beyond which the spring cannot be stretched, and Q 0 in the Fraenkel model is the bead-bead distance when there are no forces acting on the beads. A brief summary of the conclusions from the thermal conductivity results for the three dumbbell models shown in Table I is as follows:
͑a͒ Hookean dumbbells were first examined by van den Brule, 2 and his work was extended by Curtiss and Bird; 3 in both of these studies, it was assumed that the velocity distribution of the beads is Maxwellian. Later, Ö ttinger and Petrillo 4 demonstrated that this assumption is inadequate for calculating the third moment of the velocity distribution, which is needed for getting the heat-flux vector, and their heat-flux expression is now regarded as the best current formula for the Hookean dumbbell model. All three groups of investigators concluded that the heat flux depends on the velocity gradients in the liquid. ͑b͒ Prior to the Ö ttinger-Petrillo paper, Bird and Curtiss 5 obtained the thermal conductivity for a polymer solution at rest using the FENE dumbbell model and the Maxwellian velocity distribution. Subsequently, 6 these results were corrected by taking into account the deviations from the Maxwellian distribution. As was to be expected, for a nonflowing liquid the thermal conductivity obtained for FENE dumbbells differs only slightly from that for Hookean dumbbells. For Q 0 →ϱ the Hookean dumbbell results are recovered. ͑c͒ Recently, Bird, Curtiss, and Beers 6 obtained the thermal conductivity for Fraenkel dumbbell solutions. For Q 0 →0 the Hookean dumbbell results are obtained, and for H large ͑''stiffened Fraenkel dumbbells''͒ the model behaves something like a rigid rod, and the thermal conductivity is quite different from that of Hookean dumbbells. This development is useful in that it gives some idea as to the relation between the heat flux and the polymer stiffness.
For the dumbbell models, to get the thermal conductivity for a fluid at rest, it suffices to know the local equilibrium distribution function. That is, it is not necessary to know the departure of the configurational distribution function from its equilibrium shape because of the temperature gradient in the liquid. As we shall see presently, for the Rouse chain model it is necessary, even for a fluid at rest, to obtain the deviation from the equilibrium configuration distribution function when aϭٌ ln T is different from zero. This proves to be the most difficult part of the development, since it involves solving a partial differential equation with 3(NϪ1) variables, where N is the number of beads in the chain ͑usually somewhere between 30 and 300͒. The solution is facilitated by the use of tensor Hermite polynomials, used earlier by Curtiss and Bird for solving the one-polymer-molecule FokkerPlanck equation. 7 In this publication we begin by giving the explicit expressions for the three contributions to the heat flux in dilute solutions with velocity gradients and no external forces, valid for all bead-spring models. These formal relations are obtained from the authors' previous phase-space-kinetictheory development. 3, 7 In these formulas there are phasespace averages, which are evaluated using our general solution to the Fokker-Planck equation for arbitrary bead-spring models. 7 The expressions also contain the intramolecular potential energy and the configuration-space distribution function.
Next the general formulas are simplified for the Rouse chain model. These formulas are given for aϭٌ ln T ϭconstant and for ϭ(ٌv)
† ϭconstant, where (ٌv) † is the transpose of the velocity-gradient tensor.
The use of these working formulas is then illustrated by obtaining the heat-flux vector for a dilute solution of Hookean dumbbells in a flow field, thereby improving on our earlier results, 3 which did not include the effects of the deviations from the Maxwellian velocity distribution. The procedure used here is quite different from that used by us before, 3 and is similar to that used by Ö ttinger and Petrillo for dumbbells. 4 In a further illustration the thermal conductivity is obtained for Rouse chains in a solution at rest. First we get the various contributions to the heat flux using the equilibrium distribution function, and then we obtain the correction terms needed as a result of the distortion of the distribution function by the temperature gradients ͑that is, a perturbation term proportional to a͒.
II. THE HEAT-FLUX VECTOR CONTRIBUTIONS IN TERMS OF MOMENTUM-SPACE AVERAGES
The molecular theory of heat conduction in flowing polymetric liquid mixtures was developed in Secs. 8 
͓8.21͔
͑ P ͒ rate of doing work against intermolecular forces.
The rate of doing work is reckoned in a coordinate system moving with the local instantaneous mass-average velocity v(r,t). The numbers in brackets are the equation numbers in Ref.
3; in addition, ͑S͒ shows that the contribution involves the one-molecule ͑singlet͒ distribution function, and ͑P͒ shows that the two-molecule ͑pair͒ distribution function is required. In the following development, we consider systems with no external forces, and the discussion is restricted to dilute solutions, so that intermolecular forces can be neglected. Therefore, q (e) , q 3 (k) , and q (d) are not considered here.
In the following discussion, the notation of Ref. 
͑2.2͒
The first of these describes the transport of kinetic energy Each of the formulas above involves an integration over the phase space of the polymer molecule. The double-bracket notation indicates formally the integration over the momenta, and the integration over the configuration space is shown explicitly.
To obtain the contribution to q () , we use the results of Sec. 8 •v͔). This leads to the following expression for q () :
͑2.3͒
This contribution to the heat-flux vector involves the rate at which beads do work against the springs, in a coordinate system that is moving with the mass-average velocity v(r,t).
The double-bracket momentum-space average is to be evaluated at the point in configuration space indicated by the argument of the configuration-space distribution function. It appears necessary to perform a Taylor-series expansion of the integrand about r, and we must keep in mind that the Taylor-series expansion does not involve the flow velocity v(r,t). Keeping three terms in the series is sufficient for generating all the terms that are linear in the concentration and temperature gradients; throughout we systematically neglect all terms that are products of concentration and temperature gradients, as well as spatial derivatives of the gra-dients of concentration, temperature, and velocity. In this regard we parallel the treatment in Sec. 
The last two terms, containing the transpose of the velocity gradient ϭ(ٌv) † , are added to compensate for the fact that the v(r,t) in the second and third terms have been operated on by the ٌ-operator. In all terms the arguments of ⌿ ␣ are r,Q ␣ ,t. The third term above ͑containing ٌٌ͒ is dropped from further consideration, inasmuch as it involves products of concentration and temperature gradients; the distribution function is linear in the concentration, and the integrals give terms which contain the temperature.
III. HEAT-FLUX VECTOR CONTRIBUTIONS AFTER THE EVALUATION OF THE MOMENTUM-SPACE AVERAGES
In our earlier work 1,3,5 we evaluated the double-bracket momentum-space averages in Eqs. ͑2.1͒-͑2.4͒ by assuming a Maxwell-Boltzmann velocity distribution for the beads. However, Ö ttinger and Petrillo 4 have shown that, although this assumption is adequate for calculating the stress tensor ͑where the second moment of the distribution is involved͒, it is not valid for evaluating the heat-flux vector ͑where the third moment of the distribution arises͒.
Therefore, in the present treatment we do not assume ''equilibration in momentum space'' as we have done previously. Instead we evaluate the momentum-space averages by using our recent publication, 7 in which we obtained the complete momentum-space dependence of the phase-space distribution for arbitrary bead-spring models through first order in a small expansion parameter. Specifically, we have used Eqs. ͑10.2͒, ͑10.4͒, and ͑10.7͒ of Ref. 7 , which are the expressions for the first, second, and third moments of the phase-space distribution function. In the derivations of these relations it was assumed that the bead-masses are identical (m 0 ␣ ) within the molecule ␣; and also that the bead friction coefficients are the same ( 0 ␣ ) for all beads of a molecule ␣ and are constants. Since we are restricting the discussion here to dilute solutions, we omit the W 1 ␣ -term in Eq. ͑10.2͒
of Ref. When these expressions for the momentum-space averages are substituted into the first forms of Eqs. ͑2.1͒ and ͑2.2͒, and into Eqs. ͑2.3͒ and ͑2.4͒, we then get for any bead-spring model
͑3.3͒
Here the notation aϭٌ ln T is used, and the doubly underlined term is the Ö ttinger-Petrillo contribution 4 that appears because of the distortion of the momentum-space distribution as a result of the temperature gradient.
In obtaining the expression for q ()␣ it has been assumed that the temperature and concentration profiles are linear functions of position and constant in time. The nonsquare matrix elements B k ϭ␦ kϩ1, Ϫ␦ k arise when derivatives with respect to r ␣ are converted to derivatives with respect to
The above expressions are valid for any bead-spring model in which all beads have identical masses and friction coefficients. The intramolecular stress-tensor contribution ()␣ appearing in Eqs. ͑3.1͒ and ͑3.2͒ is given by
͑3.4͒
This expression was derived in Sec. 7.3 of Ref.
3.
IV. HEAT-FLUX VECTOR CONTRIBUTIONS FOR DILUTE ROUSE CHAINS
Inasmuch as we deal with just one chemical species in this and later sections, the index ␣ can be dropped from most symbols without any resulting confusion. We do, however, retain the species index ␣ on the contributions to the heatflux vector and the stress tensor, on the number density and the mass concentration, and on the thermal conductivity. Furthermore, instead of using Q ␣ for the set of all the connector vectors in the argument of the distribution function, we use Q NϪ1 , thus displaying explicitly the number of links in the chain. Also, in integrals, instead of writing dQ ␣ , we write dQ NϪ1 . The Rouse chain model consists of a chain of beads and Hookean springs arranged linearly, with the beads numbered sequentially 1,2,...,N. All beads have identical masses m 0 and the same friction factors 0 . The configuration of a chain can be specified by giving the bead position vectors r , or alternatively the center of mass position vector r c and the connector vectors Q k ϭr kϩ1 Ϫr k . These vectors are interrelated by
We make full use here of the properties of the nonsquare B and B matrices, which are tabulated on p. 23 and in 
͑4.5͒
The total force on bead by the adjacent beads in the chain is given by F () ϭϪH⌺ j B j Q j . For a dilute solution of Rouse chains, q 1 (k)␣ is given by Eq. ͑3.1͒, and Eqs. ͑3.2͒ and ͑3.3͒ for q 2 (k)␣ and q () become, after inserting the expressions for the potential energies and forces ͑see the Appendix for some intermediate results͒,
The quantities X jkl , U i , P jkl , N i jkl , S jk , and R jk are given in the Appendix. In the expressions for q 1 (k)␣ and q 2 (k)␣ , the stress tensor contribution ()␣ for Rouse chains is
In Eq. ͑4.7͒, the second term is zero for Hookean dumbbells, because of the factor of NϪ2; it is also zero for Rouse chains in a stationary fluid, as can be seen from the form of the configuration-space distribution function in Eqs. ͑6.1͒ and ͑8.23͒ to follow. The third term is also equal to zero for Hookean dumbbells, by virtue of the form of the configuration-space distribution function for a fluid with velocity gradients.
V. HEAT-FLUX VECTOR EXPRESSION FOR DILUTE SYSTEMS OF HOOKEAN DUMBBELLS "N‫…2؍‬
For a solution of polymers modeled as Hookean dumbbells, we are fortunate to know a great deal about the configurational distribution function. The partial differential equation for the distribution function is given in Eq. ͑13.17͒ of Ref. 3 for a general bead-spring model in a fluid with a temperature gradient. For dumbbell models, the coefficients D jkl are zero, so that the term containing the temperature gradient drops out, and the solution to the partial differential equation is known. The most important feature of the solution is that the connector vector Q appears only in a quadratic form in an exponential. This enables us to discard the third term in Eq. ͑4.7͒ for Hookean dumbbells.
For the Hookean dumbbell model ͑the Rouse chain of two beads with a connector vector Q͒, q 1 (k)␣ is formally given by Eq. ͑3.1͒, and q 2 (k)␣ is given by the following simplification of Eq. ͑4.6͒:
In the expressions for q 1 (k)␣ and q 2 (k)␣ the intramolecular stress contribution ()␣ is now
QQ⌿͑rϪR ,Q,t ͒ddQ,
͑5.2͒
which can be obtained from Eq. ͑4.8͒.
To get the expression for q ()␣ , only the last three terms of Eq. ͑4.7͒ are nonzero for Hookean dumbbells. The constants that enter into these three terms are: N 1111 ϭϪ1, S 11 ϭϪ 3 2 , and R 11 ϭϩ 1 2 . Therefore, we get
Because ⌿ for Hookean dumbbells contains Q only as a quadratic form in an exponential function, we need retain only one term in the Taylor-series expansion of ( by 2m 0 n ␣ , since the higher-order terms may be neglected. As a result of these manipulations, the three contributions to the heat-flux vector are
in which I␣␣I is the fourth-order tensor with components ␣ mn ␣ pq ϩ␣ mp ␣ nq ϩ␣ mq ␣ np . When these three contributions are combined, we get finally
͑5.9͒
The expression for the heat-flux vector in Eq. ͑5.9͒ is, aside from the Ö ttinger-Petrillo term 4 ͑doubly underlined͒, the same as that given earlier by the authors in Eq. ͑16.26͒ of Ref. 3. If we write the contribution of species ␣ to the heat flux, in terms of two tensors ␤ ␣ and ␣ , as For systems with no velocity gradients, the tensor ␣ in Eq. ͑5.6͒ becomes the unit tensor, and the heat-flux vector is given by
͑5.13͒
in which b ␣ ϭٌ ln n ␣ . The thermal conductivity in a diffusing mixture is defined as the coefficient of proportionality between the heat flux and the negative of the temperature gradient, when the mass flux is set equal to zero. For any bead-spring model the mass flux is given by ͓cf. Eq. ͑15.6͒ of Ref. 3͔:
where m m ϭ2m 0 is the total mass of the dumbbell. It then follows that the contribution of species ␣ to the thermal conductivity of the mixture is given by
In Eq. ͑16.33͒ of Ref. 3, where the thermal conductivity was obtained by assuming equilibration in momentum space ͑i.e., a Maxwellian velocity distribution͒, the numerical factor was found to be 7 4 . Therefore it is seen that the removal of this assumption raises the numerical coefficient appreciably.
VI. ROUSE CHAINS: THERMAL-CONDUCTIVITY CONTRIBUTIONS FROM THE EQUILIBRIUM CONFIGURATION-SPACE DISTRIBUTION FUNCTION
In this section we begin the evaluation of the contributions to the heat-flux vector given in Eqs. ͑3.1͒, ͑4.6͒, and ͑4.7͒ using the Rouse model for a system with no velocity gradients. In this section we use the local equilibrium distribution function
in which the number density of the molecules n ␣ and the temperature T are considered to be functions of the position in the liquid. In Secs. VII to IX, we consider the deviation from this distribution function resulting from the temperature gradient in the system. In the following, the integrals that appear can be evaluated with the help of the tabulation in Sec. 13. 4 
in which 0 is the friction coefficient for one bead. Here again, the doubly underlined term is the Ö ttinger-Petrillo term arising from the deviations of the momentum-space distribution from Maxwellian. The contribution q 2 (k)␣ in Eq. ͑4.6͒ contains three terms. The first term has been evaluated in getting Eq. ͑6.2͒. To evaluate the second term, we use the first term in the Taylorseries expansion ͑about position r͒ of the distribution func-tion, substitute in the local equilibrium distribution function, and integrate, the integral giving 3kT/H. In the third term, the first term in the Taylor-series expansion of the distribution function gives zero on integration, but the second term in the expansion gives for the integral Ϫ(3 ϩ2␦ jl )B l ٌ͓n ␣ (kT/H)͔. When the integrations are performed we get
͑6.3͒
As mentioned earlier, the second term in q ()␣ in Eq. ͑4.7͒ vanishes for Rouse chains, and the third and fourth terms are discarded since they contain velocity gradients. The integrals in the fifth and sixth terms present no problems. In the first term of Eq. ͑4.7͒, when we expand the distribution function in a Taylor series, the first term in the series contributes nothing, since the integrand is odd in the components of the connector vectors; the second term in the Taylor expansion gives a contribution to the integral of
When the three terms arising from Eq. ͑4.7͒ are combined we get
͑6.4͒
When the results in Eqs. ͑6.2͒-͑6.4͒ are combined we get for the contribution of species ␣ to the heat-flux vector,
͑6.5͒
This result simplifies to the known Hookean dumbbell results when N is set equal to 2-that is, Eq. ͑5.9͒ with ␣ ϭ␦. From Eq. ͑6.5͒ we find, by setting b ␣ ϭϪa ͓from Eq. ͑5.14͔͒, that the contribution of species ␣ to the thermal conductivity is
Keep in mind that the expressions in Eqs. ͑6.5͒ and ͑6.6͒ are incomplete since they do not include the terms from the distribution function that account for the deviations from local equilibrium because of the thermal gradients. The additional terms are considered in the next several sections.
VII. ROUSE CHAINS: THE EQUATION FOR THE CONFIGURATION-SPACE DISTRIBUTION FUNCTION IN THE PRESENCE OF A TEMPERATURE GRADIENT
In the foregoing section we used the local equilibrium distribution function ⌿ eq ϭn ␣ eq , given in Eq. ͑6.1͒, to evaluate the heat-flux vector contributions given in Eqs. ͑3.1͒, ͑4.6͒, and ͑4.7͒. Therefore the results in Eqs. ͑6.2͒-͑6.6͒ are incomplete, since we should use the nonequilibrium distribution function ⌿ϭn ␣ , which takes into account the distortion of the distribution resulting from the temperature gradient in the system.
To get this distribution function we start with the partial differential equation for in Eq. ͑13.17͒ of Ref. 3. This equation was derived for any bead-spring model in a fluid with velocity, concentration, and temperature gradients; it is interesting to note that the concentration gradient does not appear in this equation. In deriving this equation, the Maxwellian distribution function in momentum space ͑the assumption of ''equilibration in momentum space''͒ was used; however, this assumption was used only in obtaining the Brownian force term, which, according to Eq. ͑11.5͒ of Ref.
3, involves the second moment of the momentum-space distribution. According to Eq. ͑10.4͒ of Ref. 7, the Maxwellian distribution gives a result for the second moment that differs only negligibly from that obtained from the perturbed distribution, and therefore the assumption made in getting Eq.
͑13.17͒ of Ref. 3 is inconsequential.
When this equation for is written specifically for the Rouse chain model and simplified for a steady-state system in which the velocity is everywhere zero, it becomes
͑7.1͒
in which aϭٌ ln T, the quantities A jk ϭ⌺ B j B k are the components of the ͑symmetric͒ Rouse matrix, and the D jkl are matrix components given by , with j,k,lϭ1,2,3 .
͑7.4͒
Because the D jkl are symmetric with respect to interchange of the first two indices, it follows from the definition in Eqs. ͑7.3͒ that the D jkl ͓3͔ tensors are also symmetric with respect to interchange of the first two indices. We also introduce a set of dimensionless connector vectors q j ϭͱH/2kTQ j . Then Eq. ͑7.1͒ becomes
Note that the temperature gradient is now contained in the ͓3͔ D jkl tensor. Next, in order to make use of Appendix A of Ref. 7, we introduce vectors and tensors in a 3(NϪ1)-dimensional ''chain space.'' Specifically, q represents the set of threedimensional vectors q j , with jϭ1,2,3,...,NϪ1. Alternatively, the vector q has components q 1x ,q 1y ,q 1z ,q 2x , q 2y ,...,q NϪ1,z , and similar comments can be made for the differential operators and the second-and third-order tensors in Eq. ͑7.5͒. When this notation is introduced, Eq. ͑7.5͒ becomes
.6͒ has to be solved to first order in a. ͓Note: The q vector here plays the same role as the P vector in Appendix A of Ref. 7. However, the q vector is in a 3(NϪ1) dimensional space, whereas the P vector was defined in a space of D dimensions. Also note that whereas the dots in Eq. ͑7.5͒ indicate contractions on the Cartesian indices, in Eq. ͑7.6͒ they imply contractions on both the link indices and the Cartesian indices.͔ Before proceeding we note that the tensors ͓3͔ D and D
͓3͔
have the following properties:
where the I ͓n͔ are nth-order tensors defined in Appendix A of Ref. 7.
VIII. ROUSE CHAINS: SOLUTION TO EQ. (7.6) FOR THE CONFIGURATION-SPACE DISTRIBUTION FUNCTION
To obtain a solution to Eq. ͑7.6͒ we expand the distribution function (q) in the normalized tensor Hermite polynomials 9 presented in Appendix A of Ref. 
͑8.2͒
We now substitute the expansion of Eq. ͑8.1͒ into the differential equation, Eq. ͑7.6͒, and then find the expansion coefficients ͓n͔ to first order in a. . Inserting (q) from Eq. ͑8.1͒ into Eq. ͑7.6͒ and performing the indicated differentiations gives
The symbol '' †'' placed to the left of a tensor indicates the transpose on the first two indices of the tensor ͑both link and Cartesian indices͒. In the first line of this equation, and also in the first two terms of the second line, we eliminate the derivatives by using Eq. 
Next, we multiply the equation by e Ϫq 2 h ͓ń ͔ and integrate over q. The integrals are evaluated by using Eqs. ͑A31͒ and ͑A32͒ of Ref. 7 , and then ń is replaced by n. We give the results, term by term, which are
When these terms are inserted into Eq. ͑8.4͒, we then have the equation from which the ͓n͔ are to be obtained. This is done by assuming a solution of the form
where the superscripts 0,1,... indicate the power of a in the term.
At the zeroth order, namely when aϭ0, terms 2 through 6 are zero because the D ͓3͔ and ͓3͔ D tensors are linear in the components of a. Hence, we get from Eq. ͑8.4͒
This indicates that, at the zeroth order, all ͓n͔0 are zero except for ͓0͔0 , which is already known to be
͓see comments after Eq. ͑8.2͔͒.
At the first order, we put the zero-order solution in all terms containing a in Eq. ͑8.4͒, and then we seek the solution for the first-order expansion coefficients ͓n͔1 from the equation
͑8.8͒
Term 2 in Eq. ͑8.5͒ above does not contribute; Term 3 gives the first two terms on the right side of Eq. ͑8.8͒, and Terms 4, 5, and 6 give the last three terms. On the right side of Eq. ͑8.8͒, the third and fourth terms cancel ͑since I ͓2͔ and ␦
͓2͔
are identical͒, and the second and fifth terms are zero by the second and third relations in Eq. ͑7.7͒. This means that there is only one nonvanishing ͓n͔1 in the first-order solution, namely, the tensor ͓3͔1 , and that it is given by Eq. ͑8.8͒ with n set equal to 3
or, alternatively
in which S is the symmetrization operator used earlier. 7 From Eq. ͑8.10͒ we have to extract the components of the tensor ͓3͔1 . Both this tensor and the tensor D ͓3͔ depend linearly on the vector a. We first propose a solution to Eq. ͑8.10͒ that will effectively eliminate a and give a relation among scalar quantities. We note from Eq. ͑8.2͒ that ͓3͔ , and hence ͓3͔1 , is totally symmetric. For this reason we assert that the solution of Eq. ͑8.10͒ must have the form
in which J ͓3͔ is defined by
with J jkl ϭJ lk j .
͑8.12͒
Note carefully the order of the indices here, which is such that the tensor J ͓3͔ has fore-aft symmetry with respect to both spring indices and Cartesian indices.
Substitution of ͓3͔1 from Eq. ͑8.11͒ into the left side of Eq. ͑8.10͒ and taking the jkl-element gives
͑8.13͒
To get this result, the fore-aft symmetry of the J ͓3͔ tensor was used. Now if terms on the left and right side are equated in the following manner: 1
It is observed that these three equations are cyclic permutations of one another. Therefore only one of them is needed, and we choose to work with Eq. ͑8.14͒. where the a j ϭ4 sin 2 (j/2N) are the eigenvalues of the Rouse matrix. From these two relations, we get
͑8.20͒
We now substitute Eq. ͑8.20͒ into Eq. ͑8.17͒ and then multiply both sides by ⍀ jr ⍀ ks ⍀ lt and sum on jkl. Then, after using Eq. ͑8.19͒, doing some rearrangement, and making use of the fore-aft symmetry of the J jkl , we get
͑8.21͒
We now divide by 1 3 (a r ϩa s ϩa t ), multiply by ⍀ ru ⍀ sv ⍀ tw , and sum on rst to get
͑8.22͒
All indices in Eq. ͑8.22͒ run from 1 to (NϪ1 
͑8.23͒
Thus, the correction to the local equilibrium distribution function involves just terms linear and cubic in the vectors q j . This result can be used in Eq. ͑9.29͒ of Ref. 7 to get the complete phase-space distribution function for a single Rouse chain in a nonflow system with a constant temperature gradient.
IX. ROUSE CHAINS: CONTRIBUTIONS TO THE THERMAL CONDUCTIVITY RESULTING FROM THE DEVIATION OF THE CONFIGURATION-SPACE DISTRIBUTION FUNCTION FROM EQUILIBRIUM
There are only two terms in the heat-flux vector that, for a nonflow system, are affected by the second term in Eq. ͑8.23͒, namely the third term in Eq. ͑4.6͒ for q 2 (k)␣ and the first term in Eq. ͑4.7͒ for q ()␣ , and in both of these, only the first term in the Taylor-series expansion is required. These terms involve contractions of integrals of the triadic product Q j Q k Q l , which can be developed as follows:
The manipulations performed in the first three lines are done with the help of Appendix A of Ref. 7 . The term containing S (h ͓1͔ ␦ ͓2͔ ) jkl drops out because we know that the integral of this Hermite polynomial is exactly zero ͓from Eqs. ͑8.2͒ and ͑8.23͔͒. The last line follows from Eq. ͑8.11͒.
In terms of Cartesian components, Eq. ͑9.1͒ is
͑9.2͒
Since we need only the first term in the Taylor expansions of the integrands in the terms of Eqs. ͑4.6͒ and ͑4.7͒, the sums on can be performed, and hence we define
Equations ͑9.2͒ to ͑9.4͒ can now be used to get the ''perturbation terms'' in q 2 (k)␣ and q ()␣ resulting from the distortion of the configuration-space distribution function because of the temperature gradient. These are
It is found numerically that for Nу4 these perturbation terms are very well described by the relations
These terms have to be added to the ''equilibrium terms'' in Eqs. ͑6.3͒ and ͑6.4͒ in order to get the complete expressions for the heat-flux vector contributions for Rouse chains. The expressions for the various contributions to the thermal conductivity for Rouse chains are shown in Table I , along with similar results for the dumbbell models. Specific results are shown for small values of N, as well as the limiting values for large N. When all the parts of the heat-flux vector are added together, from Eqs. ͑6.5͒, ͑9.7͒, and ͑9.8͒, we get finally for the polymer contribution to the thermal conductivity, for the Rouse chain model, which is good to about 0.1% down to Nϭ2
This may be compared to the contribution of the Rouse chains to the zero-shear-rate viscosity
͑9.10͒
Note that H does not appear in the expression for the thermal conductivity, and that the N dependence is different for the two properties. Finally, we give the intrinsic viscosity and thermal con- 
͑9.12͒
These relations are obtained by letting NϭM ␣ /Ñ m 0 and ␣ ϭM ␣ n ␣ /Ñ , where Ñ is Avogadro's number and M ␣ is the molecular weight of the polymer species. Equation ͑9.11͒ is Staudinger's rule, but it is known that the intrinsic viscosity is more nearly proportional to the square root of the molecular weight. We know of no data on intrinsic thermal conductivities; Eq. ͑9.12͒ suggests that this quantity should not vary very much with molecular weight.
X. CONCLUDING COMMENTS
Several conclusions can be drawn from this work and related studies: ͑a͒ The Ö ttinger-Petrillo contribution to ␣ for the Rouse chain model is about 23% of the total; thus the distortion of the momentum-space part of the phase-space distribution function plays an important role in the evaluation of the kinetic contribution to the heat-flux vector. ͑b͒ For large N values, the contribution associated with the deviation of the configuration-space distribution function from Gaussian is about 5% of the total value. ͑c͒ The stiffened Fraenkel dumbbell model has a negative value for 2 (k)␣ and the contribution of ()␣ is predominant; for the other dumbbell models, each contribution is positive, and all three contributions are of importance. ͑d͒ The tensorial generalizations of the Hermite polynomials, first proposed by Grad, are useful for doing the kinetic theory of polymers in both this study and in Ref. 7 . ͑e͒ It would be helpful to have experimental data for checking the validity of the theory. ͑f͒ Probably stochastic simulations will be needed for studying more realistic models and for determining the anisotropic nature of the thermal conductivity when there are velocity gradients in the fluids.
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APPENDIX
Equations ͑A12͒ and ͑A13͒ are used to go from Eq. ͑3.2͒ to Eq. ͑4.6͒, and then Eqs. ͑A1͒-͑A6͒ and Eqs. ͑A14͒-͑A19͒ may be used to rewrite Eq. ͑3.3͒, thus
